[1] A general acoustic model for a frequency sweep rod-liquid-rod interferometer applicable to high-temperature silicate liquids is presented. The wave propagations in the acoustic model are solved according to the accurate elastic wave equation and the acoustic wave equation. The solutions indicate that when a pulsed wave is sent down a buffer rod, which is partially immersed in a silicate liquid, the return signal consists of a series of plane waves (mirror reflections from the liquid) and two series of interfering pulses (modes A and B), which are propagating disturbances guided by the cylindrical surface of the upper rod. The acoustic model gives mathematical expressions for the time delays between the various interfering pulses and between the mirror reflections, which are predicted to vary according to the material and dimensions of the upper buffer rod and liquid. These predictions are verified by experiments on molybdenum and aluminum rods of varying dimensions in air, water, and silicate liquid. These results demonstrate that mirror reflections from the liquid can be isolated from the interfering pulses in the return signal by appropriate choice of the dimensions and material of the upper rod. This theoretical model provides a critical foundation for construction of an acoustic interferometer that is uniquely able to measure relaxed sound speeds in silicate liquids at high temperature and high pressure by the frequency sweep method.
Introduction
[2] An equation of state (P-V-T relation) for magmatic liquids is a prerequisite for quantitative models of partial melting and subsequent melt transport in the Earth and other planetary bodies. Although the systematics of silicate melt density with composition and temperature are fairly well established at one bar, the compressional properties are less well known. An outstanding question is how melt compressibility (b) or bulk modulus (K = 1/b) changes with pressure, which is referred to as K 0 (=dK/dP). Most of our information on K 0 is from sink/float and shock wave experiments on a relatively narrow set of liquids [e.g., Agee and Walker, 1993; Chen et al., 2002] , and there is not yet a predictive model for how K 0 varies systematically with melt composition. Moreover, there are not any compressibility measurements on silicate liquids with dissolved volatiles, despite the necessity of these data for accurate thermodynamic calculations of volatile solubility in magmatic melts at high pressure.
[3] One of the most direct methods for obtaining melt compressibility is through measurements of sound speed via acoustic interferometry. In theory, this technique can be applied to silicate melts either by varying the path length or the frequency of the acoustic wave through the melt. The variable path length (VPL) interferometric technique has long been applied to silicate melts of geological relevance [Katahara et al., 1981; Rivers and Carmichael, 1987; Kress et al., 1988; Secco et al., 1991; Webb and Courtial, 1996] , but all experiments to date have been limited to atmospheric pressure. The primary limitation of the VPL method for use at high pressure (e.g., in an internally heated pressure vessel) is that it requires mechanical movement of the buffer rod, which is easily performed at 1 bar but is extremely difficult under in situ high-pressure conditions.
[4] Katahara et al. [1981] used an acoustic ray model to propose that sound speed measurements on silicate melts could be performed alternatively by fixing path length and varying the frequency of the acoustic wave. We refer to this approach as frequency sweep (FS) acoustic interferometry to distinguish it from the VPL method. Although FS interferometry has been successfully applied to highpressure crystalline phases, the relatively high frequencies and broad intervals employed (e.g., 10-70 MHz [Li et al., 1996 [Li et al., , 1998 ] and 300-1200 MHz [Shen et al., 1998] ) cannot be used for silicate melts. For liquids the timescale of the sound speed measurements must be longer than that for structural relaxation. Practically, for most silicate liquid compositions between 1000 and 1600°C this requires measurements in the 3 -12 MHz range. Additionally, in order to test whether liquid sound velocity data are relaxed, a series of measurements at different frequencies must be performed to evaluate whether the sound speed is frequency-independent. Therefore, in order to apply the FS method to silicate liquids the frequency interval must be relatively narrow (1 -2 MHz instead of tens to hundreds of megahertz) and the centered frequencies must be low (<10 MHz). The best way to meet this requirement for liquids is not to vary the carrier frequency transmitted down the rod (as done in the FS method applied to minerals) but instead to send a fixed frequency, wideband (1 -2 MHz), short pulse ($1 ms) down the buffer rod and then perform a Fourier transform on the echo in order to analyze the frequency response. However, this approach requires a rigorous understanding of the entire return signal so that any interfering pulses can be eliminated.
[5] To date, only an acoustic ray model has been developed to interpret high-temperature, acoustic interferometry [Katahara et al., 1981; Rivers, 1985] , which deals with reflection and transmission in such a way that only propagation of the plane waves are considered in the buffer rod and in the liquid. Theoretically, the acoustic ray model is only applicable to cases where the radius of the buffer rod is much smaller than the wavelength of the longitudinal wave [Graff, 1975; Billingham and King, 2000; Kingsler, 2000; Mason, 1958; Soutas-Little, 1999; Achenbach, 1973] . Thus, for ultrasonic frequencies from 3 to 12 MHz (the range required for silicate liquids) the radius of a molybdenum buffer rod, for example, must be much smaller than 0.3 mm, which is too narrow to be used in a feasible design. Use of a buffer rod with a significantly larger diameter leads to a returned signal that consists of a train of echoes that are out of phase.
[6] For example, Rivers [1985] reported that if a single ultrasonic pulse is transmitted down a smooth buffer rod of 1.3 cm diameter, then the returned signal includes a series of interfering pulses that must be eliminated for successful implementation of the VPL method. Rivers [1985] interpreted these echoes as reflections off the outside surface of the smooth rod, and he noted that if the outside of the rod is knurled over its length, then the extraneous echoes are eliminated, and a single sharp signal is returned. However, it is important to point out that knurling the rod only eliminates the interfering pulses at select frequencies and not for all frequencies. Because a continuum of frequencies is used for the FS method, knurling the rod will offer no improvement and instead may introduce scattering waves that complicate interpretation of the return signal.
[7] In this paper, we show that the interfering pulses are not reflections but instead are nondispersive waves with properties that are primarily determined by the dimension and elastic properties of the buffer rod material; only their bandwidths are restricted by the transmitted signal. These interfering pulses are poorly correlated with the transmitted signal and thus cannot be interpreted as reflections of the excitation wave. They are best thought of as propagating disturbances guided by the cylindrical surface of the rod, which arise owing to a complicated interaction of the body waves of an infinite medium with the cylindrical surface. Therefore, before further progress can be made on developing a FS interferometer adaptable to silicate melts at high pressure, a complete theoretical analysis of the general acoustic model of the FS interferometer and solutions to the wave equations generated in this model must be performed and tested experimentally. This is the primary goal of this study (part 1), which is the first in a sequence of two related papers. In part 2 [Ai and Lange, 2004] we describe the mechanical assembly and signal-processing algorithm for the new FS interferometer that we have designed, and we illustrate its precision and accuracy when applied to high-temperature melts at 1 bar.
Acoustic Model of the Interferometer
[8] The general acoustic model is for a rod-liquid-rod (RLR) configuration (as shown in Figure 1 ) in cylindrical polar coordinates [Billingham and King, 2000] . Both the upper and lower rods are ideal semi-infinite cylindrical bars with radius a. In practice, because the transmitted pulse is designed to be short relative to the length of the rod, the acoustic reflections from the upper end of the upper rod and the lower end of the lower rod are all separated far away in time from the useful signal. As a result, the two boundaries have no impact on the general results of the model. For signal-processing purposes they can be neglected and considered to be at z = À1, z = +1 for simplicity. The assumption of the same radius for the two buffer rods also makes no difference in the final signal-processing procedures. As for the liquid, because it is housed in a cylindrical crucible, the model must be a finite circular waveguide [Billingham and King, 2000] with a thickness S and solid circumferential boundaries marked by the dark lines in Figure 1 . Here, because measurements are made on relaxed liquids (and tested by making measurements at different centered frequencies; see part 2), viscosity need not be considered in the model.
[9] The response of the RLR to an acoustic load s(t) in the upper rod (Figure 1 ) provides essential information on the sound speed in the liquid. Instead of a ray model, wave equations and their solutions are pursued here for theoretical completeness. The vibrations or displacements of particles in the rods and liquid are governed by Navier's equation and the general linear acoustic wave equation, respectively. In the rods the three-dimensional wave is described in terms of cylindrical polar coordinates by the displacement components in the z axis direction, w(r, q, z, t), the radial direction, u(r, q, z, t), and the circumferential direction, v(r, q, z, t) [Billingham and King, 2000] . In the liquid the displacement is obtained from the velocity potential, ψ(r, q, z, t) [Billingham and King, 2000] . To solve for the entire acoustic fields in the RLR model, boundary conditions are applied. To avoid unnecessary complexity, it is assumed that the acoustic field is symmetric about the z axis and that both the rods and liquid are perfectly shaped; thus the acoustic fields in the RLR model are not only independent of angle q, but v(r, q, z, t) vanishes as well. In addition, the boundary between the upper rod and liquid is coordinated at z = 0. In the text below, we first examine the propagation of a continuous wave (CW) in both rods and the liquid so that the acoustic fields in the FS interferometer can be solved. Next, we discuss the propagation of a pulsed wave, upon which our signal processing can be performed.
Propagation of a Continuous Wave in a Semi-Infinite Rod
[10] In each rod, Navier's equation in cylindrical polar coordinates is employed [Billingham and King, 2000] . In Figure 1 , with Helmholtz representation, where H = (0, j(r, z, t), 0) and f = f(r, z, t) [Aris, 1962; Graff, 1975; Billingham and King, 2000; Chou, 1992; Farlow, 1993] , the displacements can be expressed as
where f and j represent two different potential functions. Thus the Navier's equations take the following simplified forms [Billingham and King, 2000; Nagy, 1995] :
where c 1 and c 2 are the speeds of the dilatational and rotational waves, respectively, in an infinite elastic body. Owing to the cross sections at z = 0 and z = S, reflections are introduced in the upper rod, standing waves occur in the liquid, and one-way propagation exists in the lower rod. According to Graff [1975] and Billingham and King [2000] the general solutions of equation (2) in the upper rod to a CW load of s(t) = e jwt take the forms
where w is angular frequency, j represents imaginary number unit, and J 1 (x) and J 0 (x) are Bessel functions of the first kind of order 1 and order 0, respectively [Bronshtein and Semendyayev, 1998 ]; A and B are constants; b and g are reflection coefficients; s and p are coefficients, and the wave number k is determined by
In the lower rod, however, the general solutions are of oneway propagation:
where g and q are coefficients and h is the wave number. Here C and D are transmission coefficients, and the wave number is determined by
From equations (1) and (3) the general solutions in the upper rod are
In the lower rod they are Figure 1 . Schematic diagram illustrating the rod-liquid-rod (RLR) model in cylindrical polar coordinates. This is a one-transducer configuration where the ultrasonic wave is transmitted and received by the same transducer. Mathematically, the acoustic source (also the receiver) is located at negative infinity in z axis; however, physically the transducer is mounted on the top of the upper buffer rod.
To find p, s, g, and q, stress-free boundary conditions on the circumferential surface and on the two cross sections are applied. In the upper rod,
where s rr is normal stress on the circumferential surface and s rz , s zr are shear stresses, [Billingham and King, 2000] , u = u (u) , w = w (u) and l = l (u) , m = m (u) are the Lame constants of the upper rod. Therefore solving equations (9) and (10) yields
From equation (11) the boundary conditions can be reduced to
Thus, in the upper rod,
Similarly, in the lower rod,
Next, the values for s, p, and k and then A, B, C, and D must be obtained. In both rods, in order to find s, p, and k, two cases need to be considered without any loss of mathematical generality.
3.1. Case 1:
The waves corresponding to A 6 ¼ 0 are defined here as waves of mode A. To find them, the boundary conditions in equation (12) must be changed slightly to avoid unnecessary mathematical complexity [Davies, 1948; Mason, 1965; Thurston, 1978] . In equation (12), instead of setting the boundary conditions identical to zero, they are set to be close to zero. This adjustment leads to the most important class of wave propagations that are observed in our experiments, which are described below. Without this slight adjustment of the boundary conditions the experimental results (discussed in detail below) cannot otherwise be explained mathematically. From equation (12), all possible combinations of solutions can be included in the following three cases:
[12] 1. Case for B 6 ¼ 0 and
Therefore the solution is
where A) are constants corresponding to w i in equation (19), and
Solution (20) shows that mode A travels with group velocity c 1 , the same as that of longitudinal wave, and is thus nondispersive. This property will be used to accomplish the measurement of sound speeds in silicate melts (discussed in part 2).
Case 2: A = = 0 (Mode B)
[17] The waves corresponding to A = 0 are defined here as waves of mode B. From equation (12),
where w i are defined as the eigenfrequencies of mode B.
Equations (21) - (22) show that if the transmitted frequency is equal to one of the eigenfrequencies of mode B, mode B will be excited. The expression of mode B is
where b (i,B) are constants corresponding to w i in equation (22). Examination of equation (23) shows that waves of mode B are nondispersive and have a group velocity of ffiffi ffi 2 p c 2 . Since ffiffi ffi 2 p c 2 < c 1 , in most pulse cases, waves of mode B can be separated in time from those of mode A, which reduces the complexity of signal processing.
Entire Solution (Cases 1 and 2)
[18] The entire solution is the addition of waves of mode A and those of mode B. Therefore, in the upper rod,
where
[19] In summary, from equations (24) - (25), only two kinds of nondispersive wave propagations exist in each rod with group velocities c 1 and ffiffi ffi 2 p c 2 , respectively. The plane wave portions, related to coefficients A and C in equations (20) and (25), constitute most of the wave energy within the rods.
Propagation of a Continuous Wave in the Liquid
[20] In a circular waveguide the velocity potential in the liquid [Billingham and King, 2000] is
E i , F i are constants, and c is the sound speed of the liquid. The displacement solutions can be obtained from equation (26a):
so that
Using Fourier-Bessel series [Kovach, 1982] , equation (26c) can be projected over the orthogonal function sets
Propagation of a Continuous Wave in the RLR Model
[21] In order to understand the echo signal in the upper rod the reflection coefficients b A , b (i,A) , and b (i,B) must be determined. To do so, the continuities of stress and displacement on the boundaries of the cross sections at z = 0 and z = S are applied:
where s (zz,u) , s (zz,m) , s (zz,l) are z direction normal stress in the upper rod, liquid, and lower rod, respectively. In both rods and in the liquid the stress along the z direction [Billingham and King, 2000 ] is
and l, m are Lame constants. The superposition of Navier's equation and the wave equation allows one to find b A and b (i,A) in equation (20) and b (i,B) in equation (23), separately.
[22] In the upper rod, since B % 0 and B ( A, the part of mode A that is related to b A in equation (20) can be simplified to
In the lower rod, with D % 0 and D ( C in equation (25):
In the liquid, because of equations (28a) and (28b), only the plane wave is considered with l 0 = 0 in equation (26c); thus
From equations (27) and (28) and considering that
four equations are obtained:
where l (m) are the acoustic impedances, densities, and Lame constants of the rod and liquid correspondingly. Solving equation (29) yields
For the waves related to b (i,A) it is established that
Applying the same boundary conditions of equation (27), it follows that
Equations (32) are of infinite dimension. Since B (i,A) , i = 1. . .1, depend on the acoustic source, they are considered to be known and
Although the analytical solution to equation (32) is difficult to obtain, the following relation holds:
Similarly, for b (i,B) ,
[23] It is thus clear that each of the reflection coefficients, B) , and b A , is a periodic function of S (the thickness of the liquid), and all have the identical period
where f is the transmitted frequency from the acoustic source and c is the sound speed in the liquid. This result indicates that a change in path length S will lead to a periodic change in the echo amplitude with maxima/minima that are spaced with the same interval DS. Therefore, as described in the literature, the VPL method can be used to obtain c. In contrast, the FS method will not generate a periodic change in the echo amplitude except for b A , which will be a periodic function of frequency with Df = c/2S. Therefore the FS method is only applicable to b A for the measurement of c.
Propagation of a Pulsed Wave in the RLR Model
[24] In practice, rather than a CW signal, short acoustic pulses are transmitted in the FS interferometer. The solutions for the RLR model to a pulse are obtained by superposing equation (24) over the bandwidth of the transmitted pulse. Thus, in the upper rod, with B ( A and B % 0 in equation (20), the solutions of interest are
where asterisk represents convolution; h(t)is the inverse Fourier transform [Kovach, 1982] of b A , and
Here the superscript f represents the forward wave, and the superscript b represents the backward wave; m and n are associated with the lowest frequencies excited within the rod and are thus determined by the lower cutoff frequency of the transmitted pulse. If the pulse covers a frequency range [w l , 1], then m and n are the minimal numbers that make
Since mathematically [Bronshtein and Semendyayev, 1998 ]
it follows that in equation (37), r i can be substituted by r m + (i À m)p for waves of mode A and by r n + (i À n)p for waves of mode B, as long as w l or a is large enough to make m ! 5 and n ! 5 in equations (38) -(39).
Molybdenum Buffer Rods
[25] In most acoustic interferometry experiments applied to high-temperature silicate melts [e.g., Katahara et al., 1981; Rivers and Carmichael, 1987; Webb and Courtial, 1996] the buffer rods are made of molybdenum metal, owing to its refractory and nonreactive properties. In our experimental apparatus (discussed in detail in part 2), a molybdenum upper buffer rod (c 1 = 6250 m/s, c 2 = 3350 m/s) of 1.91 cm diameter is employed. For a molybdenum rod of this dimension, the first nine roots of J 0 1 (r) and the corresponding eigenfrequencies of mode A and mode B are given in Table 1 . The entire eigenfrequencies 130 for a molybdenum buffer rod of 1.91 cm diameter and longitudinal and shear wave speeds of 6250 and 3350 m/s, respectively, corresponding to eigenfrequencies of mode A from 0 to 8.6 MHz and those of mode B from 0 to 10 MHz. For index numbers greater than 4, the difference in dr between two adjacent roots is p. The difference between two adjacent eigenfrequencies of mode A is 0.208 MHz, whereas the difference between those of mode B is 0.248 MHz. The first nine roots of J 0 1 (r) and the corresponding eigenfrequencies f i (A) and f i (B) are related to modes A and B, respectively. The difference between two adjacent roots is p with index number greater than 4. The difference of two adjacent eigenfrequencies of mode A is 0.208 MHz, whereas that of mode B is 0.248 MHz. The data indicate that the interfering pulses are of discrete spectrum structure.
corresponding to r i < 130 are plotted in Figure 2 . From the former it is shown that the interfering pulses have a discrete spectrum structure. From the latter, if the employed signal frequency is greater than 2 MHz, then m and n are both greater than 8. In this case, equation (37) can be rearranged in such a way that periodic solutions are revealed:
Similarly,
can be expanded to
by the inverse Fourier transform of b A ,
it follows that
In equations (44a), (44b), and (45),
and d(t) is the impulse function.
[27] Physically, the right-hand side of equation (45) represents a series of mirror reflections of the transmitted pulse with a time gap of 2S/c between two adjacent reflections. This time gap is the critical feature of the frequency-sweep interferometer; it provides the foundation for a signal-processing algorithm from which c can be deduced from spectrum analysis (part 2).
[28] For the rest of the received signal, w (e) , parts are modulated by different sinusoid waves as shown in equation (42), the interfering signal is the addition of two pulse series, one with time interval 2a
and group velocity c 1 , the other with time interval ffiffi ffi 2 p a/c 2 and group velocity ffiffi ffi 2 p c 2 . The same conclusion is also applicable to exp h j r m /a
Visual Summary
[29] The results of the above discussion are illustrated in Figures 3a -3d , where the received signal w (e) in Figure 3d is the sum of those in Figures 3a -3c ; u (e) is neglected in this study because of the very narrow beam angle of the transducer about the z axis (a longitudinal transducer was employed in the following experiments). In Figure 3a the mirror reflections of the transmitted pulse contribute most of the acoustic energy to the echo signal, which is the case for rods made of molybdenum metal. In the first arrival the ratio of the amplitude of the mirror reflection to that of the interfering pulse in Figure 3b may be up to 20-30 dB, which is large enough to allow the first interfering pulse to be neglected in signal processing.
[30] The time interval t 1 between two adjacent reflections is related to the path length (S) and the sound speed of the liquid (c). Mirror reflections travel with speed c in the liquid and have the same waveform except for the first arrival, which has an opposite polarization to those of the rest. In Figures 3b and 3c , however, the pulses are not reflections of the transmitted signal but are interfering waves that are determined by the diameter and material of the rod and the transmitted pulse itself. Importantly, the time intervals between the adjacent two pulses in both Figures 3b and 3c are dependent only on the material and diameter of the rod and have nothing to do with the transmitted waveform or the employed frequency. One can benefit from this result by choosing a suitable material and diameter for the rod in order to adjust the time intervals and thus separate the mirror reflection from those of the interfering pulses. In addition, because the pulses of mode B in Figure 3c have a smaller group speed than those in Figures 3a and 3b and are far behind the mirror reflections by t 4 , where L is the length of the upper rod, they are easily removed from the echo, which enhances signal processing.
[31] It can also be seen in Figure 3 that the acoustic ray model only deals with mirror reflections and thus cannot explain the interfering portion of the signal. From this viewpoint, the ray model is only an approximation of equation (43), which is the entire received signal. For the VPL method the ray model approximation makes no difference for the measurement of liquid sound speed (c) because the amplitude of the interfering signal obeys the same periodical change with path length S, as do the mirror reflections. However, this is not the case for the FS method unless the interfering pulses can be removed from the echo so that the mirror reflection signal can be obtained. Fortunately, it is feasible to achieve this through system design, which is treated and demonstrated by experimental examination in part 2 of this series of papers. Although the interfering pulses of modes A and B can be removed from the echo by system design, it is nonetheless important to understand the physical interpretation of these waves, which is discussed in Appendix A.
Experimental Test of the Acoustic Model
[32] In order to test the conclusions drawn above from our theoretical analysis of the general acoustic model and the resultant wave equations, experiments were conducted on both aluminum and molybdenum buffer rods at room temperature, with air substituting for liquid in the RLR model, and on a molybdenum rod in a silicate liquid at 1436°C. The longitudinal (dilatational) and transversal (rotational) sound velocities in aluminum, molybdenum, and air are listed in Table 2 along with their acoustic impedances.
Aluminum Buffer Rod in Air
[33] A 5 MHz 5cycle long CW pulse (1 ms duration) was sent down an aluminum rod (c 1 = 6320 m/s, c 2 = 3130 m/s) of 1.906 cm diameter and 25 cm length. The echo was collected at a 50 MHz sample rate and is shown in Figure 4 . Owing to the severely unmatched impedances between air and metal, no mirror reflections other than the first were observed in these experiments. This is an ideal configuration for isolating the features in the echo train associated with wave propagation in the buffer rod only. In Figure 4a the entire echo is shown and is a series of pulses. Figure 4b is a magnification of the first part of the echo in Figure 4a , where the first (and only) mirror reflection and the first and second interfering pulses of mode A are shown; note that the first interfering pulse is merged with the first mirror reflection. The spreading tail portion of the first pulse in Figure 4b suggests that this pulse is not entirely composed of the single frequency that was transmitted and is likely corrupted by an interfering portion, which is undoubtedly the first interfering pulse of mode A. The second pulse in Figure 4b is the second interfering pulse of mode A, which has a totally different waveform from that of the first pulse and is thus not the reflection of the first pulse.
[34] In Figure 4a the relative arrival times of the mirror reflection and the interfering pulses of mode A are roughly estimated and marked by a, b, c, and d, respectively, from which one can estimate the time delays between adjacent 54, 7.20, 11.96, 16.84, 21.80, 27.60, 32 .50 ms, respectively. The times do not reflect the arrival time delay relative to the trigger pulse and thus only have relative meaning. (b) Horizontally enlarged version of the first part of the echo in Figure 5a , where the first (and only) mirror reflection and the first and second interfering pulses of mode A are shown. The time axis is a window extracted from that in Figure 5a ; thus the timescale only has relative meaning. In contrast to Figure 4b , the amplitude of the interfering pulses is significantly smaller than that of the mirror reflection, owing to the higher acoustic impedance of molybdenum versus aluminum metal. (c) Vertically enlarged version of Figure 5a . After time h, pulses of mode B arrive and are merged with pulses of mode A. The first pulse of mode B arrives at h = 42.54 ms. Compared to the first mirror reflection, it is delayed by (42.54 -2.54) = $40 ms.
pulses. For example, the first two pulses are separated by the distance between a and b, which is equal to $5.4 ms. This result is in good agreement with the time delay derived from the theoretical model in Figure 2 . In the theoretical case, the time delay is t 2 = 5.29 ms.
[35] To gain further insight into the nature of the pulses illustrated in Figure 4 , a second experiment was performed to test whether the time gaps between adjacent pulses were dependent on the length of the buffer rod. In this second experiment the aluminum rod was 70 cm length (and the same diameter), and the first four pulses in the echo showed almost the same time gaps as those in Figure 4a . This result verifies that the interfering pulses of mode A are traveling at the same group velocities (otherwise, the time delays should increase with rod length), which in turn indicates that they are not waves of different modes. From the length of the rod and the measurement of the time delay between the transmitted signal and the first returning pulse, the wave speed of the first pulse was determined; it is identical to the speed of the longitudinal wave, 6320 m/s. Thus it is further concluded that the interfering pulses of mode A have the same group velocity as that of the longitudinal wave, which is predicted from the theoretical model discussed above. With respect to the interfering pulses of mode B, it is hard to distinguish them in Figure 4a from those of mode A. However, from the acoustic model one can estimate their delay time t 4 = 34 ms, which places their arrival at time e in Figure 4a .
[36] A key point to emphasize is that the above experimental observations could not be completely explained by the solutions of the accurate wave equation without the derivations in equations (14) - (19), where the boundary conditions were set to be close to but not identical to zero. It was the adoption of these boundary conditions that avoided the mathematical difficulties in finding the wave solutions and, most importantly, introduced the interfering pulses of mode A, which reasonably represent the propagation phenomena observed in experiments described above. This conclusion is made stronger by the experimental results on the molybdenum rod, discussed below.
Molybdenum Buffer Rod in Air
[37] For the experiment on the molybdenum rod (c 1 = 6250 m/s, c 2 = 3350 m/s) in air at 20°C, the transmitted pulse was adjusted to a 5.8 MHz 5 cycle CW signal (0.862 ms duration). The rod was 1.910 cm diameter and 40 cm length. The entire echo is shown in Figure 5a , and the magnification of its first two pulses is shown in Figure 5b . A significant difference between Figures 4 and 5 (aluminum versus molybdenum rods) is that the amplitudes of the interfering pulses of mode A drop dramatically in Figure 5 (the molybdenum rod) compared with the amplitude of the first (and only) mirror reflection. Generally speaking, this is because molybdenum is much denser than aluminum and thus has a larger acoustic impedance; therefore more acoustic energy is confined and reflected in the molybdenum rod. As such, the first mirror reflection in Figure 5 is stronger. As shown in Figure 5b , the peak value 84 of the first pulse is 25 dB higher than that of the second interfering pulse. If the first interfering pulse has the same peak value as the second interfering pulse, then such a big difference in the amplitude between the mirror reflection (large) and the first interfering pulse (small) allows the first pulse to be considered a pure mirror reflection. This conclusion is supported by the observation that the first arrival in Figure 5b is very close to a 5.8 MHz CW pulse. In addition, because its velocity was measured and found to be identical to that of the longitudinal wave, one can conclude that it is a nondispersive wave, which supports the existence of the plane wave derived in the model.
[38] Moreover, both the format and pattern of the experimentally observed echo within the molybdenum rod are fully consistent with that predicted from the model. For example, from the experimental data in Figures 5a and 5c the delay between the first two pulses is approximately, t 2 = 7.20 -2.54 = 4.66 ms, whereas the delay time calculated from the theoretical model is t 2 = 4.81 ms. Similarly, the arrival time of the first interfering pulse of mode B is estimated from the experimental graph in Figure 5c to be at position h = 42.54 ms, such that t 4 = 42.54 -2.54 = 40 ms. This experimentally observed time delay is in agreement with that derived from the theoretical acoustic model, t 4 = 40 ms.
Molybdenum Rod in Silicate Liquid at High Temperature
[39] In this final experiment the same molybdenum rod as used in air was placed in contact with a silicate melt (sample NAS-8 from Kress et al. [1988] ) at 1436°C in a reducing atmosphere (99% Ar, 1% CO). The same 5.8 MHz 5 cycle CW signal was transmitted down the rod. Because the acoustic impedances between silicate liquid and metal are not as severely unmatched as those between air and metal, three mirror reflections are observed in the return signal before the second interfering pulse of mode A; these reflections have peak values of 100, 11, and 3, respectively ( Figure 6 ). The second and third reflections differ in phase Figure 6 . Experimental result from the molybdenum rod (40 cm long) in contact with a silicate melt (NAS-8) at 1436°C. Three mirror reflections are well resolved in the return signal before the second interfering pulse of mode A. The time delay between the first two mirror reflections is measured by t 2 À t 1 = 2.98 -1.48 = 1.5 ms (t 3 = 4.48 ms, a = 0.60 ms, b = 5.40 ms). The phase of the first mirror reflection is different from those of the rest by 180°.
from the first by 180°; their waveforms are the upside down version of the first. The results in Figure 6 illustrate two critical points. First, they show that the use of a molybdenum buffer rod with a diameter !1.9 cm is ideal for application of the FS method to the measurement of silicate melt sound speeds, owing to the excellent resolution of three mirror reflections before an interfering pulse is observed. Second, because this experiment was performed at a temperature more than 1400°higher than that performed in air, it allows a test of whether the delay time between interfering pulses of mode A is dependent on temperature. The echo shown in Figure 6 indicates a delay time between the first two interfering pulses of t 2 = 5.40 À 0.60 = 4.80 ms, which is nearly identical to the theoretical value (4.81 ms) calculated above. Therefore the period of the interfering series of mode A is independent of temperature within experimental resolution.
Pressure Dependence of the Echo Format and Pattern in the Upper Rod
[40] A primary motivation for the development of FS interferometry is to extend relaxed sound speed measurements on silicate liquids to high pressure in an internally heated pressure vessel (IHPV). In the theoretical acoustic model presented above, nearly stress-free boundary conditions were applied to the cylindrical surfaces of the buffer rods. This is an excellent approximation for the interface between the molybdenum rods and the gas at 1 bar owing to the poorly matched acoustic impedances between the rod and the enclosing gas (99% Ar, 1% CO). Additionally, since the circumference area of the upper rod immersed in the melt is only a small fraction of the entire rod length, no significant differences are observed between an echo from a rod completely enclosed in gas and that from a rod partially immersed (2 -3 mm) into the melt. However, the high density of the gas medium in an IHPV at high pressure may lead to acoustic energy coupling between the buffer rods and gas.
[41] An experimental evaluation of this effect is presented in Figure 7 by comparing the waveforms of echo signals obtained in two experiments where a molybdenum rod (1.91 cm diameter and 40 cm length) was immersed in air versus liquid water at 1 bar and room temperature. Liquid water at these conditions mimics the conditions of immersing a rod in a high-density gas in an IHPV. The echoes of a frequency modulated (FM) chirp pulse, with 2 ms duration and a frequency range of 4 -6 MHz, in both airloaded and water-loaded cases, were sampled at 50 MHz and are shown in Figures 7a and 7c , respectively. The relative starting positions of the first four pulses in each echo are marked by a, b, c, d, which are marked as 300, 533, 766, 999 on the 20 ns scale; they correlate to 6, 10.66, 15.32, and 19 .98 ms, respectively. These data show that the relative positions of the first four pulses do not vary with the density of the medium surrounding the rod. In addition, the waveform of the entire echo is very similar. Table 3 shows the correlation coefficients between corresponding segments of the two waveforms extracted from Figures 7a and 7c. For the segment between points 1 and 500, which contains the first pulse, the correlation coefficient is 0.9972. This illustrates that the first pulse in Figure 7a and the first pulse in Figure 7c are almost identical and differ only in amplitude. Figures 7b and 7d show enlarged versions of the first pulse in the air-loaded and water-loaded cases, respectively. With the increase of the length of the examined echo segment the correlation coefficient drops to 0.9879. However, the major part of the entire waveform in Figure 7a is well correlated with and almost identical to that in Figure 7c .
[42] To gain further insight into the correlation of the interfering pulses of modes A and B, signal segments between 500 and 3000 were examined. The correlation coefficients between these segments are shown in Table 3 . With a window width of 1000 points the coefficient changes from 0.9515 to 0.7407 as the window shifts from left to right. This indicates that the interfering pulses of mode A, which arrive first, are almost independent of the density of the medium surrounding the rod, whereas with the arrival of the pulses from mode B, the combined signals of modes A and B are dependent on the density of the surrounding medium. However, this dependence does not make any difference in the performance of the FS interferometer because the echo is truncated and the interfering pulses are not used for signal processing (see part 2).
[43] In summary, for the portion of the signal that is used for FS interferometry the two waveforms in Figures 7a and 7c are nearly identical with a correlation coefficient of 0.9972. This result strongly indicates that the basic format and pattern of the echo segment used to obtain sound speed by the FS method will not be altered by immersion of the interferometer in a gas medium at high pressure. In the meantime, we have completed a full theoretical analysis of acoustic propagation in a gasloaded rod according to the accurate elastic wave equation that confirms these experimental results; it will be presented in a future contribution.
Conclusions
[44] A general acoustic model of the RLR interferometer and solutions to the resultant wave equations are presented and confirmed by experiment. The model is successful in explaining the mirror reflections and the interfering pulses observed in experiments of the interferometer system. From the solutions the format of the echo signal is precisely quantified. According to the model a series of plane waves (mirror reflections from the liquid) and two series of interfering pulses (modes A and B) exist in the return signal, in which pulses of mode A and the plane waves have the same group velocity, whereas pulses of mode B travel at a slower speed. Both mode A and mode B waves are nondispersive. The first return pulse consists of both the plane wave and the first pulse of mode A, and thus it is not exactly a mirror copy of the transmitted wave. However, the amplitude of the interfering portion from mode A is much smaller than that of the mirror reflection when a suitable buffer rod material is selected (e.g., a molybdenum buffer rod), and thus it can be neglected. Experiments on molybdenum and aluminum rods with different dimensions provide data that confirm the acoustic model. The results indicate that a molybdenum buffer rod of !1.9 cm diameter is effective for the measurement of relaxed sound speeds in silicate melts with a frequency sweep interferometer. In addition to guiding the choice of rod material and dimensions the theoretical model further guides the format design of the transmitted pulse and implementation of the signalprocessing algorithm, all of which are discussed and described in part 2 of this series of papers, where the successful application of frequency sweep interferometry to high-temperature silicate liquids is demonstrated.
Appendix A: Physical Interpretation of Waves of Modes A and B
[45] Although the interfering pulses of modes A and B can be removed from the echo through system design, it is nonetheless important to understand the physical interpretation of these waves. The mirror reflections used to measure liquid sound speed are longitudinal waves identical to those interpreted by the simplified acoustic ray model [Katahara et al., 1981; Rivers, 1985] . The reflection coefficients in equations (30) and (45) are the same as those presented in the same reference above. In contrast, the interfering waves of both modes A and B are composed of both longitudinal (w) and shear (u) components, the latter of which accounts for the necessary radial variation in displacement in order for the former to propagate down and up the rod. These waves result from the interaction of vibration with the circumferential boundary of the rod; they are characterized by a series of eigenfrequencies that are independent of the excitation but instead are determined by the dimension and material of the rod.
[46] An example of some radial variations of the particle displacement associated with some representative eigenfrequencies is given in Figure A1 for both modes, where the Figure 2 for a 1.91 cm diameter molybdenum buffer rod. In general, a subset of all the eigenfrequencies will be excited by the incident wave and will always constitute two kinds of pulse chains (modes A and B) with both longitudinal and shear components in each kind. In mode A both the longitudinal and shear waves contain the same eigenfrequencies, have the identical pulse interval 2a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi c 1 =c 2 ð Þ 2 À1 q /c 1 , and are modulated by the smallest eigenfrequency c 1 r m (a ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi c 1 =c 2 ð Þ 2 À1 q ) À1 that is greater than or equal to the lower cutoff frequency, w l , of the excitation. Similarly in mode B, the interval and modulation frequency are ffiffi ffi 2 p a/c 2 and ffiffi ffi 2 p c 2 r n /a, respectively. Here m and n are the index numbers of roots of J 0 (x), corresponding to the two modulation frequencies.
[47] The major difference between modes A and B, except for the waveforms and frequency compositions, is that they travel at different speeds, c 1 and ffiffi ffi 2 p c 2 , respectively. Since both the longitudinal and shear waves of the same mode have the same speed, it is possible that the shear waves can be detected at the arrival time of the associated longitudinal waves. It is interesting to observe from experiment (not presented in this paper) that when a 5 MHz 5 cycle CW pulse is sent down a molybdenum rod of length L though a shear wave transducer, the first return (an interfering shear wave pulse of mode A without the longitudinal mirror reflection included) is received by the same transducer right after a time delay of 2L/c 1 , and the whole shear wave chain has the same format as that of the interfering longitudinal wave chain.
[48] The detection of waves of mode B (both longitudinal and shear components) is more difficult because they are merged with those of mode A in the case of pulse excitation. One way to detect them, however, is to transmit a long CW pulse at a frequency close to an eigenfrequency of mode B but different from any of mode A so that the energy of mode B will be relatively enhanced. Another method for detection of mode B waves is to adjust (if possible) the diameter of the rod to gain ideal eigenfrequency distributions of both modes A and B in order that the response of mode B can be enhanced at certain frequencies for its detection through signal processing, like a Notch filter. In conducting experiments to detect waves of mode B, use of a shear wave transducer is recommended because of better detection when mirror reflections are eliminated. (19), (22), (38), and (39). (a) Radial variation of particle displacement of longitudinal part (w) J 0 (62.032(r/a)) and that of shear part (u) J 1 (62.032(r/a)) of mode A. (b) Radial variation of particle displacement of longitudinal part (w) J 0 (52.605(r/a)) and that of shear part (u) J 1 (52.605(r/a)) of mode B.
